x. 141 . Such a decomposition is necessarily an indecomposable decomposition, and it is an interesting problem to study under which conditions an indecomposable decomposition complements direct summands. There is w x an extensive literature concerning this problem. By 1, Theorem 6 , right perfect rings can be characterized by the property that all projective right modules have decompositions that complement direct summands. Fuller w x 7 showed that over a generalized uniserial ring every module has a decomposition that complements direct summands, thus providing a first class of non-semisimple rings satisfying this property. More generally, w x Ž . Tachikawa 14 proved that every left and right module over a ring of finite representation type has a decomposition that complements direct summands, and that the converse is also true was established by Fuller and w x w x Reiten 9 . Restricting just to one side, Fuller 8 showed that rings over which every right module has a decomposition that complements direct summands are precisely the rings over which every right module is a direct Ž sum of finitely generated modules they are also called right pure-semisim-ple rings, and it is still an open problem whether right pure-semisimple w x. w x rings are of finite representation type; see e.g., 11, 17 . Harada 10 developed the theory of factor categories induced from a family of modules with local endomorphism rings, and used it to determine necessary and sufficient conditions for a direct sum of modules with local endomorphism rings to complement direct summands. Note, however, that the local endomorphism ring hypothesis is not necessary for a decomposition to Ž w x . complement direct summands see, e.g., 2, Exercises 12.5 and 12.6 . In this paper, we remove all restrictive hypotheses and determine necessary and sufficient conditions for an arbitrary indecomposable decomposition of a module, over any ring, to complement direct summands. w x Ž w x . Also according to Anderson In the case in which each summand M has a local endomorphism ring, i w we rediscover Harada's well-known Theorem 10, Theorems 7.3.15 and x 8.2.1 . In contrast to Harada's categorical proof, our method of proof is completely module-theoretic, and is inspired by some ideas of Zimmerw x mann-Huisgen and Zimmermann 16 who showed in their paper that the finite exchange property implies the unrestricted exchange property for modules with indecomposable decompositions.
Our theorem is applicable also to decompositions in which the indecomposable summands need not have local endomorphism rings, as illustrated by two other consequences. First, we obtain a complete characterization of CS-modules which have indecomposable decompositions that complement 
PRELIMINARIES
Throughout this paper we consider associative rings with the identity and unitary right modules.
Ž .
of M, then we say that the local direct summand [ A is also a direct Ž .
A module A is called indecomposable if it is non-zero and cannot be expressed as a direct sum of two non-zero submodules. A direct summand
i g H i w x We will refer to Anderson and Fuller 2 for all undefined notions used in the text, and also for basic facts concerning indecomposable decompositions of modules. For the reader's convenience, we record here some of the known results which will be used repeatedly in the sequel. 
If the latter case holds, we
so it follows that D ( N . Thus N appears at least twice in the decompo-
Therefore N has the exchange property by Lemma 2.1, hence there are
direct summand of the indecomposable module M , so either B s 0 or i i B s M . This, together with the fact that N is indecomposable, yields that
indecomposable, and that the conclusion of the lemma is true for all m F n y 1. By the inductive hypothesis, there are indices i , . . . ,
. By Lemma 2.4, the indecomposable decom-
Ž . position ) complements maximal direct summands. Hence applying the Ž . inductive step m s 1 proved above for N and the decomposition ) , we
there is some positive integer k with 1 F k F n y 1 such that
In this latter case, we would get
. sition see, e.g., 2, Lemma 12.2 , so N appears at least twice in an n indecomposable decomposition that complements maximal direct sum-Ž . mands. One more application of Lemma 2.3 gives us that End N is local. n Therefore N has the exchange property by Lemma 2.1. Now it follows n from Lemma 2.2 that
Ž . for a subset J : IЉ. Comparing )) with ) , it is easy to see that Ä 4 J s IЉ _ t for some t g IЉ and N ( M , which completes our induction.
n t
The next result, which is of independent interest, will be crucial for the proof of our main theorem. The proof below is inspired by some ideas in w x the proof of Zimmermann-Huisgen and Zimmermann 16, Theorem 5 .
Proof. If A is a finite set, the result follows immediately from Lemma 3.1. Therefore, from now on, we assume that A is an infinite set. We proceed in two steps.
Step 1. We suppose that N ( N for all ␣ , ␤ g A. Consider the
. . , n. In particular, this
As this is true for every n G 1, J is an infinite Ä 4 set. Since the family N ¬ ␣ g A is locally semi-T-nilpotent, it follows that
. . , n, and
1 n Ž By Zorn's Lemma, there exists a subset H : I which is maximal under . Ž .
inclusion with respect to the properties that JЈ :
[ M forms a local direct summand of M. We show now that
There are an index i g I _ H and an element
lows that i g J. By the maximality of H, there are finite subsets A :
and H : H so that for the finite subsum
direct summand of M. Then K, being a finite subsum of a local direct summand, is a direct summand of M. But K is a finite direct sum of indecomposable summands of M, thus by Lemma 3.1 there is a subset Ž .
an isomorphism, it would follow by Lemma 2.
[ M, which is a contradiction to our choice of K. Hence f is
implies that i g I _ H : J.
2
Ž . Now we repeat the above argument with x s f x instead of x . Since . Ž .
Step 2. We now consider the general case, i.e., let N ¬ ␣ g A be a For a fixed N we collect all those N which are isomorphic to N , and that we have to show the equality
the restriction on [ L of the natural projection
By Lemma 2.5, to prove that the above equality holds is equivalent to showing that f must be an isomorphism. Ž . Ž . Ž .
and since
which implies that x s 0. Therefore f is a monomorphism.
We show now that f is an epimorphism. Suppose, on the contrary, that f Ž .
be the natural projection, and let
Then f is an isomorphism by 
x is the image of y under the natural projection
Now we can repeat the above argument for x instead of x . Similarly, 2 1 Ž . there is some I k gK with I ; I and an element x g
L and x s g x for some homo-
A standard inductive argument yields an infinite ascending sequence I ; I ; иии ; I ; иии
. I s л , and a family of homomorphisms
. g x for all n G 1. Note that since 
L and L do not contain isomorphic indecomposable direct summands We are now ready to prove the main theorem of this paper which establishes necessary and sufficient conditions for an indecomposable decomposition to complement direct summands. Indeed such a decomposi-Ž tion always complements maximal direct summands but the converse fails, w x in general: By 1, Theorems 5 and 6 , any infinitely generated free right module over a semiperfect ring which is not right perfect provides such an . example . . Ž .
tion to the maximality of the local direct summand [ N . Therefore
This shows that the decomposition M s [ M complements direct
b « c . Suppose that b is satisfied and let [ N be any local
. from the implication b « a proved above that N has an indecompos-
direct summand of M, and because each N is indecomposable, it follows 
Assume that c is satisfied, i.e., every local direct summand of M is a direct summand. It is obvious that every direct summand D of M w x also satisfies the same property, hence by 12, Theorem 2.17 , D has an indecomposable decomposition. Therefore, in particular, every non-zero direct summand of M contains an indecomposable direct summand. Ä 4 We have to show now that the family M ¬ i g I is locally semi-T-nilpo-
Ž .
2 Suppose that all f are monomorphisms. We can write, by the n above,
, and every non-zero direct summand of M has an indecomposable direct summand. Now the result follows immediately from Theorem 3.4.
APPLICATIONS: CS-MODULES AND QUASI-DISCRETE MODULES
Ž . In this section we apply our main theorem Theorem 3.4 to study indecomposable decompositions of CS-modules and quasi-discrete modules. In these situations the indecomposable direct summands need not have local endomorphism rings.
Ž w x. A module M is called a CS-module or extending module 6 if every submodule of M is essential in a direct summand. A module M is called Ž w x. quasi-continuous see 12 provided M is a CS-module and whenever K and L are direct summands of M with K l L s 0, K q L is also a direct summand of M. Clearly CS-modules and quasi-continuous modules generalize quasi-injective and injective modules. Note that quasi-continuous modules with indecomposable decompositions are fairly well understood. w x By 12, Theorem 2.22 such decompositions always complement direct Ž summands, and every local direct summand is also a direct summand the w x proof of this latter fact in 12 uses specific properties of quasi-continuous . modules . However, it is still an open question to characterize CS-modules Ž w which admit indecomposable decompositions cf. 12, Open problem 8, p.
x. 106 . With the help of Theorem 3.4, we are now able to give a complete characterization of CS-modules which have an indecomposable decomposition that complements maximal direct summands. We will show that, in fact, such a decomposition complements direct summands.
We start with the following elementary lemma. Recall that a module A is uniform if any two non-zero submodules of A have non-zero intersection. A submodule C of a module M is called a complement submodule of M if C has no proper essential extensions in M. Obviously any direct summand of M is a complement submodule of M. Proof. Let C be a non-zero complement submodule of M. Note that any cyclic submodule of M has finite uniform dimension; thus C must contain a non-zero uniform submodule U. There is a maximal essential extension V of U in C. Then V is again uniform, and furthermore a 
